We prove that the Galois pseudo-representation valued in the mod p n parallel weight 1 Hecke algebra for GL(2) over a totally real number field F is unramified at a place above p if p−1 does not divide the ramification index at that place. A novel geometric ingredient is the construction and study, in the case when p ramifies in F , of generalised Θ-operators using Reduzzi-Xiao's generalised Hasse invariants, including especially an injectivity criterion in terms of minimal weights.
INTRODUCTION
Starting with Wiles [18] and Taylor-Wiles [16] , R = T-theorems have been developed and taken a role as cornerstones in many recent developments. They provide both the existence of Galois representations with values in Hecke algebras satisfying prescribed local properties and modularity lifting theorems. The state of R = T theorems for 2-dimensional representations in residual characteristic p of the absolute Galois group G Q of Q and Hecke algebras acting on elliptic modular forms is quite satisfactory. In particular, the notoriously difficult case of Galois representations that are unramified at an odd prime p has been settled by ground-breaking work of Calegari and Geraghty [3] where they show that those correspond to modular forms of weight one. More precisely, given a finite set S of primes not containing p and an odd irreducible representationρ : G Q → GL 2 (F p ) unramified outside S ∪ {∞} they show that
where R S Q,ρ is the universal deformation ring parametrising deformations ofρ which are unramified outside S ∪ {∞} and T (1) ρ is the local component atρ of a weight one Hecke algebra of a certain level prime to p .
In this article, we address the corresponding question for parallel weight one Hilbert modular forms over a totally real field F of degree d = [F : Q] ≥ 2. We focus on the construction of the Galois (pseudo-)representation with values in the parallel weight one Hecke algebra with p-power torsion coefficients and proving its local ramification properties. In particular, given a finite set S of primes in F relatively prime to p and a totally odd irreducible representationρ : G F → GL 2 (F p ) unramified outside S we show, under a mild assumption on the ramification of p in F , that there exists a surjective homomorphism
where R S F,ρ is the universal deformation ring parametrising deformations ofρ which are unramified outside S ∪ {∞} and T (1) ρ is the local component atρ of a weight one Hecke algebra of a certain level prime to p (see Corollary 3.8 for a precise statement).
As a related topic, we also explore the theory of generalised Θ-operators acting on the geometric mod p Hilbert modular forms defined over the Pappas-Rapoport splitting models of the Hilbert modular varieties, which is also of an independent interest. As in previous work of two of the authors [9] , the prime p is allowed to ramify in F , i.e. po = p|p p ep where o is the ring of integers of F . This made the extension of some important techniques necessary (see below for more details).
In order to describe the main result precisely, we denote by M κ (n, R) the R-module of parallel weight κ 1 geometric Hilbert modular forms à la Wiles of prime to p level n ⊂ o over a Z[ 1 N F /Q (n) ]-algebra R, as in Definition 2.1. This R-module is equipped with a commuting family of Hecke operators T q as well as with diamond operators q for q primes of o not dividing n. More specifically, let K/Q p be a finite extension containing the images of all embeddings of F in Q p , and let O be its valuation ring, ̟ a uniformiser and F = O/̟ its residue field. We put M κ (n, K/O) = lim − → n M κ (n, 1 ̟ n O/O) and define the parallel weight one Hecke algebra
We can now state the main result of this article.
Theorem 0.1. Let p | p be a prime such that p − 1 does not divide e p . There exists a T (1) -valued pseudo-representation P (1) of G F of degree 2 which is unramified at all primes q not dividing np, and also at q = p, and satisfies P (1) (Frob q ) = (T q , q ).
In particular, if the localisation of P (1) at a maximal ideal m of T (1) is residually absolutely irreducible, then the corresponding representation
is unramified at p, and satisfies tr(ρ m (Frob p )) = T p and det(ρ m (Frob p )) = p .
Note that, in particular, the theorem shows that T p belongs to T (1) , which was not clear a priori. The definition of a 'non-naive', i.e. optimally integral, Hecke operator T p acting on M 1 (n, K/O) was notoriously difficult and was carried out in [10] . The action of T p on the adelic q-expansions was computed in [9] and used to establish local-global compatibility at places dividing p for mod p parallel weight one Hilbert modular forms. In their recent work [11] , Fakhruddin and Pilloni undertake the construction and study of such operators on the coherent cohomology of certain Shimura varieties and use them to show instances of local-global compatibility at places dividing p for certain weakly regular automorphic representations in higher dimension.
The condition on p−1 not dividing e p is only used to show that all parallel weight 1 modular forms have minimal weight at p, which nevertheless is crucial to our proof. Such an assumption cannot be completely avoided, since if p − 1 | e p then products of certain generalised Hasse invariants have weight 1 at all places above p and 0 elsewhere. Note, however, that the main result of [9] showing the unramifiedness at p of the residual representation does not require any condition on the ramification index.
The strategy of the proof is based on the doubling method developed in [17] and further simplified and conceptualised in [9] and [3] . The parallel weight 1 Hilbert modular forms over O/̟ n can be mapped into some higher weight in two ways, per prime p dividing p, either by multiplication by a suitable power of the total Hasse invariant, or by applying a partial Frobenius operator at p. This gives us a map from two copies of the space of Hilbert modular forms of parallel weight one over O/̟ n into the space of Hilbert modular forms of some higher weight. That doubling map is used by Calegari and Specter in [4] to prove an analogue of Theorem 0.1 when F = Q. In that case, one knows by a result of Katz that the doubling map is injective. Furthermore, the existence of the Hecke operator T p acting on weight one modular forms and the knowledge of its precise effect on the qexpansion (both due to Gross) allows one to show that the image of the doubling map is contained in the p-ordinary part of the higher weight space. The proof by Calegari and Specter of the analogue of Theorem 0.1 for F = Q is then based on their notion of p-ordinary pseudo-representation linearising that of a p-ordinary Galois representation.
The existence of the Hecke operator T p acting on parallel weight one Hilbert modular forms with arbitrary coefficients having the desired effect on their q-expansions (see [10] and [9] ) allows us to adapt the overall strategy of Calegari and Specter to the Hilbert modular setting, while slightly generalising and clarifying some aspects of their arguments (see §3). Since we are working with representations which are only p-ordinary, as opposed to p-ordinary, we invoke the local-global compatibility at p, which is known in our case for regular weights thanks to the works of Saito [14] and Skinner [15] , instead of earlier results of Wiles and Hida, which only apply to the full p-ordinary setting.
Let us now present the more technical part in the proof of Theorem 0.1 establishing the injectivity of the doubling map. A simple calculation in [9] shows its injectivity after restriction to any eigenspace, but this argument is insufficient as the Hecke algebra modulo p need not be semi-simple. Instead we observe that the injectivity of the doubling map follows from the injectivity of a certain generalised Θ-operator. The theory of partial Θ-operators has been fully developed in the foundational work [2] of Andreatta and Goren for Hilbert modular forms in characteristic p defined over the Deligne-Pappas moduli space. However, when p is ramified in F , their results are not sufficiently precise for our purposes, since the Hilbert modular forms defined over the Deligne-Pappas model 'miss' some weights. In order to tackle this problem, we go back to the root of the problem and work with the Pappas-Rapoport moduli space, which does not miss any weight. Capitalising over the theory of generalised Hasse invariants developed by Reduzzi and Xiao [13] in this context, we carefully revisit [2] and develop the needed theory of generalised Θ-operators for Hilbert modular forms in characteristic p defined over the Pappas-Rapoport moduli space. This allows us to prove in §1.6 a refined injectivity criterion in terms of the minimal weights, generalising the one proved in [2] .
In particular, we show that the generalised Θ-operators are indeed injective on parallel weight one Hilbert modular forms provided their weight is minimal. In order to rule out the possible existence of 'non-minimal' parallel weight one Hilbert modular forms, and thus complete the proof of our main theorem, we appeal to the recent work [6] of Diamond and Kassaei when p is unramified in F , and to their upcoming work [7] in the ramified case (see §1.4).
We believe that our modest contribution to the theory of generalised Θ-operators in the setting of the Pappas-Rapoport splitting model is worthwhile on its own, beyond the application to our main theorem. On our way to the injectivity criterion, we also explore some related themes, such as the relation between Hilbert modular forms defined over the Pappas-Rapoport model with those defined over the Deligne-Pappas model, and the q-expansion and vanishing loci of the generalised Hasse invariants defined by Reduzzi-Xiao. We hope that it bridges the gap between many existing references in the literature and also clarifies some important aspects of the theory of mod p Hilbert modular forms.
Acknowledgements. The authors are indebted to Fabrizio Andreatta, Fred Diamond, Payman Kassaei and Liang Xiao for many clarifying explanations and discussions. The debt to the works of Andreatta-Goren [2] , Reduzzi-Xiao [13] and Emerton-Reduzzi-Xiao [10] is evident. The first two authors would like to thank the IISER Pune and the ICTS, where part of the work was done, for their hospitality.
The research leading to this article is jointly funded by the Agence National de Recherche ANR-18-CE40-0029 and the Fonds National de Recherche Luxembourg INTER/ANR/18/12589973 in the project Galois representations, automorphic forms and their L-functions (GALF).
Notation. Throughout the paper, we fix the following objects and notation. We let F be a totally real number field with ring of integers o of degree d 2 over Q. We denote the completion of F at a place q of o by F q . We denote by Q ⊂ C the algebraic closure of F in C, and for any place q of o, we consider
the absolute Galois group of F , the one of F q and its inertia subgroup, respectively. By Frob q we denote a geometric Frobenius in G Fq . We also let f q and e q denote the residue and the ramification index of q, respectively.
We fix an embedding ι p of Q into a fixed algebraic closure Q p of Q p . Furthermore, we fix a finite extension K/Q p containing the images of all embeddings of F in Q p , and let O be its valuation ring, ̟ a uniformiser and F = O/̟ its residue field.
For a prime p of F dividing p, denote the residue field of F p by F p and the ring of Witt vectors of F p by W (F p ). Let Σ be the set of infinite places of F , which we view via ι p as embeddings F ֒→ Q p . We have the natural partitioning Σ = p|p Σ p where Σ p contains exactly those embeddings inducing the place p. For σ ∈ Σ p , we denote σ the induced embedding of either the maximal unramified subextension of F p into Q p or, equivalently, the induced embedding on residue fields. Furthermore, we let Σ p = {σ | σ ∈ Σ p } and Σ = {σ | σ ∈ Σ} = p|p Σ p . As a general rule, elements of Σ will be called σ whereas τ usually designates an element of Σ. In both cases, p(σ) and p(τ ) denotes the underlying prime ideal. In particular, an element τ ∈ Σ p denotes both an embedding F p(τ ) ֒→ F and the corresponding p-adic one W (F p(τ ) ) ֒→ O. Denoting the absolute arithmetic Frobenius on
where the numbering is chosen in an arbitrary, but fixed way. As an abbreviation, we write τ = σ τ,ep .
Let C be a fixed set of representatives for the elements of the narrow class group of F . We choose these representatives to be coprime to p. For any fractional ideal c of o, we let c + be the cone of its totally positive elements. Let χ p denote the p-adic cyclotomic character (considered with values in any Z p -algebra). Furthermore, we denote by n a non-zero ideal of o prime to p and assume that all Hilbert modular varieties of level n considered have smooth models over Z p (which can be achieved by replacing n by a multiple if necessary).
GEOMETRIC HILBERT MODULAR FORMS IN FINITE CHARACTERISTIC
This section refines the theory of Θ-operators developed by Andreatta and Goren (see [2] ) when p ramifies in F . We will use this refinement in the setting of Hilbert modular forms defined over the Pappas-Rapoport splitting models for Hilbert modular varieties. We will explain how the notion of Pappas-Rapoport splitting model nicely allows us to improve the results of [2] regarding the Θoperators when p ramifies in F .
1.1.
Pappas-Rapoport splitting models for Hilbert modular varieties. Our primary reference for this subsection is [13] .
Let S be a locally Noetherian O-scheme. Recall that a Hilbert-Blumenthal Abelian Variety (HBAV) over S is an abelian S-scheme A of relative dimension d, together with a ring embedding o ֒→ End S (A). Let A be an HBAV over S with S-scheme structure map s : A → S. Let Ω 1 A/S be the sheaf of relative differentials of A over S. Define
, ω S is the sheaf of invariant differentials of A over S. Consider the decomposition
The sheaf ω S,τ is locally free over S of rank e p(τ ) (see [13, §2.2] ). Note that on ω S,τ , the action of Since we allow our base field F to ramify at p, we have to be careful with the model we choose for our Hilbert modular variety. We start with the Deligne-Pappas moduli space. For c ∈ C, we consider the functor from the category of locally Noetherian O-schemes to the category of sets which assigns to a scheme S the set of isomorphism classes of tuples (A, λ, ι) where:
(1) A is an HBAV over S, This functor is representable by an O-scheme of finite type. We denote this scheme by X DP c . Let X DP = c∈C X DP c and call it the Deligne-Pappas moduli space.
Next we turn to the Pappas-Rapoport model. Consider, for c ∈ C, the functor from the category of locally Noetherian O-schemes to the category of sets which assigns to a scheme S the set of isomorphism classes of tuples (A, λ, ι,
is locally free of rank 1 and annihilated by [̟ p ] − σ(̟ p ). Note that the numbering here depends on the one for Σ τ . This functor is representable by an O-scheme X c of finite type ([13, Prop. 2.4]). Let X = c∈C X c and call it the Pappas-Rapoport moduli space.
Let A be the universal abelian scheme over X with structure morphism π : A → X . Let ω X = π * Ω 1 A/X . As abbreviation we write ω, ω τ , ω σ for ω X , ω X ,τ , ω X ,σ . In particular, for each τ ∈ Σ, the sheaf ω τ is equipped with a fitration the graded pieces of which are the invertible sheaves ω σ for σ ∈ Σ τ . In [13] this is referred to as the universal filtration. We point out explicitly that the last graded piece ω τ is a quotient of ω τ .
In order to better understand the relation between the Deligne-Pappas and the Pappas-Rapoport moduli spaces, we recall that the Rapoport locus X R c is the open subscheme of X c classifying HBAV's π : A → S satisfying the following condition introduced by Rapoport:
c is the smooth locus of X DP . The forgetful map X → X DP induces an isomorphism on the open subscheme X R (see [13, Prop. 2.4] ). Moreover when p is unramified in F , the different schemes agree: X DP = X = X R (see [13, §1] ). Finally, note that ω| X R , the restriction of ω to X R , is a locally free sheaf of rank 1 over o ⊗ Z O X R .
1.2.
Hilbert modular forms. In this section, we define geometric Hilbert modular forms. We do not aim at the largest possible generality, but need to align (special cases of) different definitions found in the literature. It is important to distinguish between modular forms defined on the fine moduli space (à la Katz) and those on the coarse quotient by the action of the totally positive units of o.
The latter have a good Hecke theory and are thus necessary when studying applications to Galois representations (see [9] ).
of geometric mod p Hilbert modular forms thus consists of global sections of ω ⊗k over the special fibre X of X .
When p is unramified in F , the notion of Hilbert modular forms from Definition 1.1 is the same as that of Andreatta-Goren [2] (see the end of §1.3).
A modular form f of weight k in the sense of Definition 1.1 is said to be of parallel weight κ ∈ Z if k σ = κ for all σ ∈ Σ. For such weights, the sheaf ω ⊗k can be identified with the κ-th tensor power of the d-th exterior power of π * Ω 1 A/X .
In general, different models for Hilbert modular varieties lead to different sets of modular forms. Geometric Hilbert modular forms of an arbitrary weight k were first defined as sections of ω ⊗k over X R , whose complement in X DP is supported in the fibres of characteristics dividing the discriminant of F and has co-dimension at least 2 in those fibres. For parallel weights k, the Pappas-Rapoport and the Deligne-Pappas model lead to the same modular forms, i.e. the modular forms from Definition 1.1 coincide with those of [2] . Indeed, the line bundle ω ⊗k extends to X DP with the same global sections. By Zariski's Main Theorem applied to the proper birational map X → X DP between normal varieties, for parallel k, the line bundle ω ⊗k has the same global sections on X as well.
The advantage of X over X DP is that it comes with line bundles ω ⊗k for all k ∈ Z[Σ].
Generalised Hasse invariants.
From this point onwards we will work over F. Let X be the Pappas-Rapoport moduli space over F, i.e., the special fibre X × O F of X . Denoting by X DP the special fibre of X DP , there is a natural morphism X → X DP obtained by forgetting the filtrations. We have the equality
coming from (1.1). If S is a locally Noetherian F-scheme and A is an HBAV over S satisfying the Rapoport condition, then ω S,τ is a locally free O S [x]/(x e p(τ ) )-module of rank 1. Hence, there is a unique filtration on ω S,τ satisfying the Pappas-Rapoport conditions given by x e p(τ ) −i ω S,τ for
We point out again that the definition of X depends on the numbering of the embeddings in Σ τ fixed above, but that X is independent of any such choice (see also [13, Rem. 2.3] ).
We now recall Reduzzi-Xiao' constructions of generalised Hasse invariants h σ given in [13] . Let p | p and τ ∈ Σ p and assume first that
where the action of x is given by viewing ω τ as an
. This h σ is the generalised Hasse invariant at σ = σ τ,i (see [13, Construction 3.3 ] and [10, §2.11] for more details).
Since Lemma 3.8 ] and the previous paragraph, it follows that h AG τ = σ∈Στ h σ . In particular, when p is unramified in F , the generalised Hasse invariants constructed by Reduzzi-Xiao are the same as the partial Hasse invariants constructed by Andreatta-Goren.
We will now find the geometric q-expansions of these generalised Hasse invariants. We will mostly follow conventions of [8, §8] . Let c ∈ C and ∞(c) be the standard infinity cusp whose Tate object is given by Proof. Let X ∧ c be the completion of the local ring of a toroidal compactification of X along the divisor at the cusp ∞(c) (see [8, Thm. 8.6] ). By loc. cit. the pull back of ω to X ∧ c is canonically
whose q-expansion is given by ξ∈c + ∪{0} b ξ q ξ . Since x · z is a section of ω τ,i−1 having by definition the same q-expansion, one concludes that h τ,i has q-expansion 1, thus proving the claim when i > 1.
In the remaining case of i = 1, we observe that h AG
We now collect some properties of the generalised Hasse invariants that will be used in the sequel. We are especially interested in the divisor Z σ of h σ .
In particular, the zero loci of two different generalised Hasse invariants do not have a common divisor.
Proof. The first claim follows from [10, Prop. 2.13 (2)].
Let
Fix 
for all τ ∈ Σ p , thus yielding a point in Z στ,e p for all τ ∈ Σ p . Repeating this process for A (1) , for a suitable H (1) (see [1, Prop. 8.10] ) and for the abelian variety obtained in each reiteration yields, say for e p even, an abelian variety A (ep/2) whose relative differentials are given by
Endowing the latest with the 'alternating' filtration between the two summands yields a point in τ ∈Σp ep i=1 Z σ τ,i . Finally, repeating this process for every prime p|p shows the non-emptiness of ∩ σ∈I Z σ , while the tangent space computation in [13, Thm. 3.10] ensures the correct dimension.
We illustrate the weights of the generalised and partial Hasse invariants in Table 1 .3, where we let τ ∈ Σ and write e = e p(τ ) as abbreviation.
One of the advantages of Definition 1.1 is that it allows to define geometrically mod p Hilbert modular forms in any weight, while the definition in [2] was missing some weights when p ramifies in F , namely the weights in [2] are indexed by Σ, instead of Σ. More precisely, the restriction to X R of a Hilbert modular form of weight k is a Hilbert modular form in the sense of [2] if, and only if, k σ = 0 unless σ = τ for some τ ∈ Σ, i.e. only the last entry corresponding to e p(τ ) in the block of τ may be non-zero.
We now describe a canonical way, given a mod p Hilbert modular form f of Definition 1.1 of weight k, to attach to it a Hilbert modular form f AG of weight k AG in the sense of [2] , having the Weights Conversely, from Lemma 1.5, it follows that if f is a mod p Hilbert modular form in the sense of [2] of weight τ ∈Σ w τ τ , then we can view it as a meromorphic section of the line bundle τ ∈Σ ω τ ⊗wτ over X. If k ′ τ,i is the order of the pole of f over the divisor Z σ τ,i defined by the Hasse invariant h τ,i for τ ∈ Σ and 2 ≤ i ≤ e p(τ ) , then we put
This is chosen in such a way that f · H ′ k ′ is holomorphic on all of X and it is not divisible by the
Hence it is a modular form in the sense of Definition 1.1 of weight k where for any τ ∈ Σ, we have k σ τ,1 = k ′ τ,2 as well as
1.4. Minimal weights. We define the notion of minimal weight of a mod p Hilbert modular form.
Definition 1.6. Let f be a mod p Hilbert modular form of weight k in the sense of Definition 1.1. We define the minimal weight of f to be the unique weight k ′ such that there is a mod p Hilbert modular form g of weight k ′ and maximal non-negative integers n σ for σ ∈ Σ such that f = g · σ∈Σ h nσ σ .
Lemma 1.7. The notion of minimal weight is well defined.
Proof. Recall from Lemma 1.5 that the zero loci of two different generalised Hasse invariants do not have a common divisor. Let j σ (f ) be the order of vanishing of a Hilbert modular form f on Z σ . So, if we divide f by σ∈Σ h jσ(f ) σ , we get the modular form g needed in Definition 1.6. Hence, it follows that the notion of minimal weight is indeed well defined (see also the proof of [2, Thm. 8.19]). Remark 1.8. When p is unramified in F , our notion of minimal weights is same as the notion of minimal weights of Andreatta-Goren [2, 8.20 ].
On the other hand, when p is ramified, then the Pappas-Rapoport model X is essential in order to define the notion of a minimal weight. In fact, one can divide a mod p modular form over X R by arbitrary powers of generalised Hasse invariants of the first kind (1 < i ≤ e p ), implying that there is no good notion of a minimal weight over the Rapoport locus.
Confusion may arise from the fact that parallel weight one forms in our sense have weight exponents e p(τ ) when seen as a modular form in the sense of [2] 
for τ ∈ Σ over the Rapoport locus. See Remark 1.2 and the discussion at the end of §1.3.
Diamond and Kassaei define the minimal cone (see [6] when p is unramified in F and [7] when p is ramified) by
Regarding the minimal weights for Hilbert modular forms, Diamond and Kassaei prove the following result (in [6, Cor. 5.3] when p is unramified in F and in [7] when p is ramified in F ): Furthermore, if there is unique prime p of F dividing p and f is a cuspform, then k = σ∈Σ σ.
Proof. By Proposition 1.9, we know that k ∈ C min . From the description of C min , it follows that if σ ∈ Σ p , then k σ ≥ 1 p f p k σ . Therefore, k σ ≥ 0. Denote the weight of the Hasse invariant h τ,i by w τ,i . By the definition of the minimal weight, there exist integers n τ,i ≥ 0 such that
From the description of w τ,i , it follows that
As n τ,1 ≥ 0 for all τ ∈ Σ, it follows that σ∈Σ k σ ≤ d. Suppose there exists a prime p|p and σ ′ ∈ Σ p such that k σ ′ = 0. Now the description of C min implies that k σ = 0 for all σ ∈ Σ p . Note that
and that the weights {w τ,i | τ ∈ Σ p , 1 ≤ i ≤ e p } are linearly independent over Q. This along with (1.4) implies that n τ,1 = n τ ′ ,1 for all τ, τ ′ ∈ Σ p and e p = (p − 1)n τ,1 , thus contradicting our hypothesis that p − 1 ∤ e p . Hence, we get that k σ = 1 for all σ ∈ Σ p , proving the first statement. Finally, assume that there is a unique p | p and that p − 1|e p . The above argument shows that if k = σ∈Σ σ, then k = 0. However, Koecher's Principle applied to an embedding of X in a toroidal compactification implies that H 0 (X, O X ) consists only of forms which are constant on each connected component of X, thus does not contain a non-zero cusp-form. Hence, it follows that k = σ∈Σ σ in this case as well.
1.5.
Generalised Θ-operators. The purpose of this section is to extend the partial Θ-operators defined in [2] to all mod p Hilbert modular forms as in Definition 1.1. If for τ ∈ Σ, we denote by Θ AG τ the Θ-operator from [2, Def. 12.38], then on X R the construction to be given comes down to the formula
for a mod p Hilbert modular form f of weight k in the sense of Definition 1.1 (see §1.3). In particular, if p is unramified in F , our Θ-operators coincide exactly with those of [2] and in that case, everything that we prove here has already been proved in [2] . However, we redo the entire construction because otherwise we cannot show that Θ τ (f ) extends to X, i.e. that it is a modular form. The construction of the partial Θ-operators of Andreatta and Goren goes via the Kummer cover. By definition, the ordinary locus X ord of X R is endowed with a Galois cover X ord (µ (p) ) → X ord with group (o/(p)) × , where X(µ (p) ) is the Deligne-Pappas moduli space of level pn. Taking the quotient by the p-Sylow subgroup yields a cover π : X Kum → X ord with group p|p (o/p) × , called the Kummer cover. LetX be the minimal compactification of X and letπ :X Kum →X be the normal closure ofX in X Kum via the Galois cover π with Galois group p|p (o/p) × .
We now describeX Kum explicitly using the generalised Hasse invariants. For τ ∈ Σ, we first let
We furthermore write Z τ = ∪ σ∈Στ Z σ for (the support of) the divisor defined by h AG τ .
For the following construction, we fix a τ ∈ Σ and write p = p(τ ) and τ p = τ . Further, for any p ′ | p different from p, we take any τ p ′ ∈ Σ p ′ . Let
be the scheme obtained by adjoining a (p f p ′ − 1)-th root of the modular forms H τ p ′ for all primes where X * is the inverse image of X under the mapπ. Note that X * has codimension 2 inX Kum . Next we describe the Kodaira-Spencer isomorphisms. From [13, Thm. 2.9], it follows that the sheaf Ω 1 X/F admits a canonical Kodaira-Spencer type filtration whose successive subquotients are given by ω ⊗2 σ with σ ∈ Σ. The filtration is obtained by decomposing
and then via a filtration of Ω 1 X/F,τ the successive subquotients of which are given by ω ⊗2 σ τ,i with 1 ≤ i ≤ e p for p = p(τ ) in descending order, i.e., the first subquotient is ω ⊗2 τ = ω ⊗2 στ,e p , the second is ω ⊗2 σ τ,e p −1 and so on. Hence, for τ ∈ Σ, we get a filtration of the sheafπ * Ω 1 X/F,τ over X * whose successive subquotients are given byπ * ω ⊗2 σ τ,i with 1 ≤ i ≤ e p (τ ). Consider the composition
Note that the last map makes sense as the first subquotient of Ω 1 X/F,τ under the Kodaira-Spencer filtration is ω ⊗2 τ . Pulling back KS τ via the morphismπ, we get a morphismπ * (Ω 1 X/F ) →π * (ω ⊗2 τ ), which we also denote KS τ by abuse of notation. Now we study X * locally at divisors of the generalised Hasse invariants. For τ ∈ Σ, we let, as in [2, Def. 12.29] , Z * τ be the Weil divisor of X * which is the support of the effective divisor associated withπ −1 (h AG τ ). Let δ be a local uniformiser of an irreducible component of the divisor Z * τ . Let v δ be the corresponding normalised valuation.
Furthermore, let s τ be the section of the line bundle π * ω τ over X Kum constructed in [2, Def. 7.4] . By [2, Prop. 7.9] , this section induces a trivialisation of the sheaf π * ω τ on X Kum . Via the trivialisations of the sheaves ω τ given by the modular forms s τ over X Kum , it follows that we can view h AG τ as a well defined function on X * (see [2, §12.32 ] for more details). Doing this, it follows that d(h AG τ ) is a section of Ω 1 X Kum /F = π * Ω 1 X ord /F . Hence, we view it as a meromorphic section ofπ * Ω 1 X/F and use it to calculate v δ (dδ), where dδ is also viewed as a meromorphic section ofπ * Ω 1 X/F . For any differential, we denote by a subscript τ ′ (for τ ′ ∈ Σ) its projection ontoπ * Ω 1 X/F,τ ′ under the decompositionπ * Ω 1 X/F = τ ′ ∈Σπ * Ω 1 X/F,τ ′ coming from (1.7). By abuse of notation, we often write h σ for π * h σ and, correspondingly, H RX k for π * H RX k . We now prove an analogue of [2, Prop. 12.33 ]. 
Proof. The first statement follows by construction and Proposition 1.11. It implies
Since X R is Zariski dense in X, it follows from [2, Lemma 12.34 
Since δ is a local uniformiser of an irreducible component of Z * τ , there is a unique i 0 such that v δ (h σ τ,i 0 ) > 0. Note that v δ (h σ τ,i ) = 0 for i = i 0 and v δ (dh σ τ,i ) ≥ 0 for all i. Moreover, it follows from [13, Thm. 3.10] that v δ (dh σ τ,i 0 ) = 0. So (c), (d) and (e) follow from the discussion above along with (a). Now (e) and [2, §9.3] together give (f). 
where we restricted f and H RX k to X ord .
We are now ready to define generalised Θ-operators on mod p Hilbert modular forms.
Definition 1.14. For τ ∈ Σ, we define the generalised Θ-operator acting on a weight k mod p Hilbert modular form f as
Lemma 1.15. Θ τ (f ) descends to a global section of the line bundle ω ⊗k ′ over X ord for k ′ as in Definition 1.14, which we still denote Θ τ (f ).
Proof. This follows by applying [2, Thm. 12 .39] to f /H RX k . From now on, for τ ∈ Σ, we consider Θ τ (f ) over X ord as in Lemma 1.15. In order to verify that it extends to a global section over X, we proceed as in [2] to calculate the poles of d(r(f )) over X * . Note that in [2] the extension to X R has been checked, but we will not make explicit use of this.
Recall that r(f ) is a regular function on X Kum , whence d(r(f )) is a section of the sheaf Ω 1 X Kum /F . Since the map φ : X Kum → X ord is étale, we see that Ω 1 X Kum /F = π * Ω 1 X ord /F . Hence, d(r(f )) can be viewed as a meromorphic section of the sheafπ * Ω 1 X/F over X * . We will now calculate the order of the pole of (d(r(f ))) τ ′ as a meromorphic section ofπ * Ω 1 X/F,τ ′ over an irreducible component of Z * τ . For the sequel, write r(f ) = u δ n with v δ (u) = 0 and v δ (r(f )) = −n. So, 
Proof. Let τ ′ ∈ Σ. The proof of (a) is similar to the proof of [2, Prop. 12 .35] and we reproduce parts of it here. Let B be the local ring of X at the component of Z * τ corresponding to δ and B * be the local ring of X * at the component of Z * τ corresponding to δ. From Proposition 1.11 and [2, Cor. 9.6],
Hence, δ h (du h ) τ ′ has no poles and (a) follows. Combining this inequality with (1.8) and Lemma 1.12 gives us the other parts of the lemma.
Finally we are ready to prove that Θ τ (f ) is also a mod p Hilbert modular form. Proof. Let τ ′ ∈ Σ. As KS τ ′ :π * Ω 1 X/F →π * ω 2 τ ′ is a surjective map of locally free sheaves with a locally free kernel over the normal scheme X * , the orders of the poles of KS τ ′ (d(r(f ))) are less than or equal to the orders of the poles of d(r(f )) τ ′ , i.e. v δ (KS τ ′ (d(r(f )))) ≥ v δ ((d(r(f ))) τ ′ ) (see the proof of [2, Prop. 12.37] for more details). Note that r(f ) · H k = π * (f ) has no poles on X * , i.e., v δ (π * f ) ≥ 0. Combining (e) of Lemma 1.12 and Lemma 1.16 implies that Θ τ (f ) has no poles over X * . Hence, the section obtained by descending from X Kum to X ord extends to all of X and is thus a modular form.
We will now study the action of Θ τ on the adelic q-expansions of Hilbert modular forms. We follow the conventions from [9, §2.6] . Let I be the group of fractional ideals of F . Proof. In this proof, we consider an irreducible component of the Weil divisor of X * attached tō π −1 (h τ ). Since this is also an irreducible component of Z * τ , we will make use of Lemma 1.12 with i 0 = e p(τ ) and its notation. Write p = p(τ ). Furthermore, as π is étale, we have π * Ω 1 X ord /F = Ω 1 X Kum /F . Recall that (d(r(f ))) τ is a section of (Ω 1 X Kum /F ) τ , which we view as a meromorphic section of (π * Ω 1 X/F ) τ . From v δ (f ) = 0 we deduce that
(see also [2, Prop. 15.9] ). The assumption p ∤ k τ yields p ∤ n and Lemma 1.16 (a) shows that the right most term in (1.8) has a strictly lower valuation than the other term on the right hand side. Thus, Lemma 1.12 (g) shows
where D ′ is a meromorphic section of (π * Ω 1 X/F ) τ and the right most term has a strictly smaller valuation than D ′ . Combining this with Lemma 1.12 (i), we get that KS τ (d(r(f ))) = 0. This implies that Θ τ (f ) = 0. 2. DOUBLING AND HECKE ALGEBRAS 2.1. Hilbert modular forms of parallel weight 1. In this section, we will define Hilbert modular forms of parallel weight 1 in the sense of [9] and connect it with the notion of geometric mod p Hilbert modular forms à la Katz given in Definition 1.1. In order to approach modular forms as used in [9] , we need to factor out the action by the totally positive units. Since we will work entirely in parallel weight, we stick to the Deligne-Pappas moduli space. We make the additional assumption:
n is divisible by a prime number q which splits completely in F ( √ ǫ | ǫ ∈ o × + ), and q ≡ −1 (mod 4ℓ) for all prime numbers ℓ such that [F (µ ℓ ) : F ] = 2. (2.9)
Recall that [ǫ] ∈ E acts properly and discontinously on X DP c by sending (A, λ, µ)/S to (A, ǫλ, µ)/S. Denote X 1,c the quotient by this action, equipped with an étale morphism X DP c → X 1,c . Let X 1 = c∈C X 1,c . This yields a morphism X DP → X 1 . Furthermore, composing it with π leads to a morphism X DP → X 1 . From [9, §2] , it follows that the sheaf d ω descends to an invertible sheaf ω 1 on X 1 such that its pullback is d ω. [9, §3.4] ). By taking it to a suitable power, we consider it in M r(p−1) (o, F) such that r(p − 1) is big enough to apply Lemma 2.2, yielding a modular form in M r(p−1) (o, O) the q-expansion of the reduction of which is equal to 1 modulo ̟ at every cusp. A big enough power of it satisfies the required congruence relation, and also the weight can be brought above any given bound.
The theory of generalised Θ-operators presented in §1.5 and §1.6 allows us to prove the following result. Proof. By Lemma 1.5 there exists τ ∈ Σ p such that h τ does not divide f . Using Proposition 1.18, the assumption on the Fourier coefficients translates into Θ τ (f ) = 0, thus contradicting the injectivity criterion from Proposition 1.19.
For p | p and n ∈ N, we define the V p -operator by (see [10] and [9] for the definition of T p )
with h n and κ n from Lemma 2.3 and κ n ≥ κ 0 (in the sense of Lemma 2.2). A simple computation on q-expansions (see [9, Prop. 3.6] ) shows that V p,n has the following effect on q-expansions:
for non-zero ideals r ⊆ o. The q-expansion calculations performed in [9] in the Deligne-Pappas model apply mutatis mutandis to the Pappas-Rapoport splitting model, as they only depend on a neighbourhood of the cusps, and those lie in the ordinary loci, on which the two models coincide. . In particular, the image W p,n of (h n , V p,n ) lies in the p-ordinary part of M κn (n, O/̟ n ) and is stable under all Hecke operators T q for q ∤ np.
Proof. (a) It suffices to prove this statement for f ∈ M 1 (n, O/̟ n ) and n ∈ N, which we do by induction on n. For n = 1, the assumption that p − 1 ∤ e p implies, in view of Corollary 1.10, that f ∈ M 1 (n, F) ⊂ M Katz 1 (n, F) is not divisible by h τ , for any τ ∈ Σ p , and the claim then is precisely the content of Lemma 2.4. The induction step from n − 1 to n follows from the q-expansion principle and the exact sequence
(b) The injectivity follows from (a) applied to the first component of an element in the kernel. The matrix is obtained from a calculation as in [9, Lemma 3.7].
Hecke algebras.
For κ 1 and n ∈ N, we consider the following complete Artinian (resp. Noetherian) semi-local O-algebras
(2.10)
Note that they all contain p for p | p as well since p is relatively prime to n. We also consider the torsion free Hecke O-algebras: O) ) .
By Lemma 2.2 for all κ sufficiently large, the following natural maps are isomorphisms:
However, this need no more be true in our principal case of interest κ = 1 since the inclusions
need not be isomorphisms, in general. The kernel of T (1) ։ T
O is a finitely generated torsion O-module, which is isomorphic to the kernel of T (1)
Multiplication by the Hasse invariant h n allows us to see M 1 (n, O/̟ n ) inside M κn (n, O/̟ n ) equivariantly for all Hecke operators T q and q for q ∤ np, yielding a surjection T 
The pseudo-representation P = (T, D) is said to be unramified at p if D(h−1) = T (g(h−1)) = 0 for all g ∈ G F and all h ∈ I p .
Remark 3.2. Any continuous representation ρ : G F → GL 2 (R) yields a degree 2 pseudo-representation P ρ = (tr •ρ, det •ρ), but the converse is false, in general. However the converse is true when the semi-simple representationρ : G F → GL 2 (F) corresponding to the residual pseudorepresentation is absolutely irreducible (see [12] ).
Further, if ρ is unramified at p, then so is P ρ , but the converse is false as well, in general. It is true in the residually absolutely irreducible case.
Following closely Calegari-Specter [4] we toss in the following notion of ordinarity. By Frob p we understand any lift of the Frobenius at p such that χ p (Frob p ) = 1. We say that P is ordinary at p of weight κ ≥ 1 if for all h ∈ I p and all g ∈ G F we have 
which classifies pseudo-deformations of P which are ordinary at p. Note that R ord is the quotient of the ring R ps [X]/(X 2 − T ps (Frob p )X + D ps (Frob p )) by the ideal generated by the set
It is a semi-local Noetherian ring with two maximal ideals if the polynomial X 2 − T (Frob p )X + D(Frob p ) has two distinct roots and it is a local Noetherian ring otherwise.
3.2.
Existence of an ordinary Hecke-valued pseudo-representation. Now let m be any maximal ideal of T (1) (or equivalently of T (1) n for some n) and denote also by m the maximal ideals of T (κn) and T Proof. After enlarging K we may assume that it contains all the eigenvalues of T (κn) acting on M κn (n, O). Since T (κn) is torsion-free and generated by Hecke operators outside the level, T (κn) m ⊗ O K = g∈N K where N denotes the set of newforms occurring in M κn (n, O) m . It is well known that one can attach to each such eigenform g a G F -pseudo-representation P g such that P g (Frob q ) = (a(q, g), ψ g (q) N(q) κn−1 ) for all q ∤ np, where q g = ψ g (q)g. Since the natural homomorphism T Note that our assumption on κ n implies N(q) κn−1 ≡ 1 (mod ̟ n ). Composing with the surjection T 
n,m we obtain the following result. ] is in general only semi-local. By the main result of [9] , ρ m is unramified at p, allowing us to consider the ideal where m runs over the its maximal ideals, it is enough to prove the theorem after localisation at m. Furthermore, we may and do assume that n is divisible by a prime q as in condition (2.9), which always exists by Class Field Theory.
Recall that in Corollary 3.5 we constructed a T The second row follows from Lemma 3.6 and Corollary 2.6 and shows that P By ordinariness, for all g ∈ G F and h ∈ I p the following equality holds:
T n (gh Frob p ) − T n (g Frob p ) = U (T n (gh) − T n (g)) ∈ T Suppose that m is an ideal of T (1) such that the residual Galois representation ρ m is absolutely irreducible. By a result [12] of Nyssen, there exists a representation,
unramified outside np∞, and uniquely characterised by the property that for all primes q ∤ np one has tr(ρ m (Frob q )) = T q and det(ρ m (Frob q )) = q . Let S be the set of places of F consisting of those dividing n∞ and those p | p such that p − 1 | e p . Let R S F,ρ m be the universal deformation ring of ρ m unramified outside S in the category of O-algebras. Then we have: Proof. By Theorem 0.1, we know that ρ m is unramified at all primes p | p such that p − 1 ∤ e p , therefore ρ m induces a homomorphism R S F,ρ m → T (1) m . The surjectivity of this morphism follows from the fact that T (1) is generated by T q and q for q ∤ np as an O-algebra.
If p − 1 | e p but there is a unique prime p above p in F , then we know by Corollary 1.10 that a cuspform f ∈ M Katz 1 (n, F) has minimal weight σ∈Σ σ. Hence the results of Proposition 2.5, Corollary 2.6 and §3.2 remain valid in this setting, after replacing T (1) by its quotient T (1) cusp acting faithfully on the subspace of parallel weight 1 cuspforms. As a result, by transposing the proof of Theorem 0.1 in this setting, we get the following statement: Corollary 3.9. Suppose that there is a unique prime p of F dividing p. There exists a T (1) cusp -valued pseudo-representation P (1) cusp of G F of degree 2 which is unramified at all primes q not dividing n, and such that P 
